DENOMINATOR IDENTITY FOR TWISTED AFFINE LIE SUPERALGEBRAS 



SHIFRA REIF 

Abstract. The study of denominator identities for Lie superalgebras was recently developed by 
M. Gorelik, V.G. Kac, P.Moseneder Frajria, I. Musson, P. Papi, M. Wakimoto and the author. 
In this paper we generalize these identities to the twisted affine case, completing the result to all 
affine Lie superalgebras. 



1. Introduction 

The study of denominator identities for Lie superalgebras was initiated by V.G. Kac and M. 
Wakimoto in [KWj. These identities were shown to have interesting applications to number theory 
(see |KW[ [Ml [Z] ), vacuum modules and minimal VF-algebras (see |HR[ IGK] ) and the Howe duality 
for compact dual pairs (see [FKPj V 

The denominator identities for basic Lie superalgebras and (non-twisted) affine Lie superalgebras 
with non-zero dual Coxeter number were formulated and partially proven by V.G. Kac and M. 
Wakimoto [KWj. Complete proofs were given by M. Gorelik in [G"l , G2J. The denominator identity 
for the strange Q series was conjectured in |KW| and proven by D. Zagier in [Zj using analytic 
methods. The case where the dual Coxeter number is zero was proven in |GR| . 

For a semisimple Lie algebra, the denominator identity follows by applying the Weyl character 
formula to the trivial representation and takes the form e p R = ^2 w ew ( s E nw ) weP where R := 
Y[ a eA+ (1 ~~ e~") is the denominator of g corresponding to the positive roots A + , W the affine 
Weyl group and p is chosen such that (p, a) = h (a, a) for every simple root a. Similarly, we have 
the identity e?R = J^wew ( s S nw ) we ^ f° r the an affine algebra g. The affine Weyl group W has a 
decomposition W = T x W where W corresponds to one of the maximal finite subalgebra of g and 
T is an abelian group of translations. Since p — p is M^-invariant and the elements of T are of sign 
1, we can rewrite the denominator identity as 

e/R = 1 ( ef>R ) = Yl ( s § lrf ) * ( e ^ R ) ■ 
teT teT 

In this paper we prove the denominator identity for twisted affine Lie superalgebras by gener- 
alizing the latter formula. In [vdLll FvdL2| . V. de Leur classified these algebras and showed that 
all symmetrizable Kac Moody superalgebras of finite growth are either finite, affine or twisted 
affine. The classification consists of the series: A (2k -1,21- 1) (2) , A (2k, 21 - 1) (2) , A (2k, 2/) (4) , 
C (k + ly ' and D (k + 1, 1) and the exceptional Lie superalgebra G (3) . The description of 
the automorphisms and the root systems given in |vdL2| is summarized in Appendix 16. II 

Let § = §( m ' be a twisted affine Lie superalgebras defined by an automorphism of order m and g 
the algebra formed by the fixed points under this automorphism. Let R and R be the denominators 
of § and g (see formulas (|2.1|) . (|2.2j) ). respectively, and h v := (p, S) the dual Coxeter number where 
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S is the minimal imaginary root (see 12. ip . For g ^ A (2k — 1,21 — l)*" 2 ', k > I, we take T' to be 
the translation group that corresponds to the "larger" part of the Weyl group when h y ^ and to 
the "smaller" part when h v = (seel23]l. For g — A (2k -1,21- 1) (2) , k>l,we extend the affine 
Weyl group by a diagram automorphism and take T' to be the translation group corresponding to 
this extension. The sign function is extended by setting this diagram automorphism to be of sign 
1. 

We prove the following theorem: 
Theorem 1.1. Let q := e~ s . Then the following identity holds: 
(1.1) ePR = .f(q)-J2(^t)t(e^R) 

where 



t£T> 



/(<?) 



1 when h v ^ 

UZi (1 - q 2n+i y 2 A(2k-l,2k-lf ] 



nr=i(i+9 2n+1 ) _1 A(2k,2kf ] 
n^i(i-9 2n+1 ) D(k+i,kfK 

We extend the proofs of the non-twisted cases in |G11 IGR) . The proof splits into two parts, 
namely the cases of dual Coxeter number zero and non-zero. We use the action of the Casimir 
operator as well as the denominator identity for basic Lie superalgebras. As e^R is independent of 
the choice of simple roots, we prove the identity for convenient choices described in Appendix 16.21 

Acknowledgments. The paper is based on a part of the author's dissertation done under the 
supervision of Prof. M. Gorelik. The author would like to thank M. Gorelik for reading several 
drafts of this paper, suggesting ways to improve and fix it. The author is also grateful for A. 
Joseph for helpful conversations and to G. Binyamini, C. Hoyt and X. Lamprou for discussing on 
the presentation of this paper. 

2. Preliminaries 

We introduce standard notations and elementary facts that are used in the paper. 

2.1. Twisted affine Lie superalgebras. Let g be a basic simple Lie superalgebra with non- 
degenerate invariant bilinear form (•, •) and a an automorphism of finite order m > 1. The eigen- 
values of a are of the form e~^ k , k G Z m and hence g admits the following Z m -grading: 



0(fe), 0(fc) = [x e Q | a(x) 



Lk -x 



The twisted affine Lie superalgebra is defined to be 

:= ( Ct k ® (fe(modm )) J © CK © CD 

\fcez m / 

with the relations 

[f <g) gi ,t j <g> g 2 ] = t i+j ® g 2 ) + iS it -j (51,52) K, [g, K] = 0, [D, t l $ g] = it 1 ® g. 

The fixed points of a form a maximal finite subalgebra of g which we denote by g. 
Let 1} be a Cartan subalgebra of g C g and g = Q) a£ u* g a a decomposition where 

Ba ■= {9 G I [h, g] = ot (h) -g, Vhet)}. 
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For every i = 0, 1, j = 0, . . . m — 1, let 

Af := {a6r|fl a ni (j) ns^{0}} 

be a multi-set such that the multiplicity of a is dim0 a n Qrj) H g^. We get that the set of roots of g 
is A = Afj U Aj where A^ := A^ . The set of roots A of g takes the form A = Ag U Aj where 

Aj = US + a | a € A^' , Z = j (mod m) such that W + a ^ j . 

Note that the sets A-r may contain 0, in which case the imaginary roots 15 € A can be either odd 
or even. 

Fix a set tt of simple roots of g. We take tt = {ccq := 5 — 0} U tt to be the set of simple roots of g, 
where 6 is the highest weight in U A^ 1 '. The root lattice of g is denned to be Q = J27=o ^ a i- 
Let Q + = Y^i=o ^ a i- Define the partial ordering on t)* by \i > v if p — v G Q + . We extend (•, •) to 
g in the standard way. Let p G ti* be such that (p,a) = \ (a, a) for every a in 7T. Let Ao G f)* be 
such that (A , 5) = 1 and (A , A ) = (A , f)) = 0. Let p := /i v A + p. 

Let Ag" and A^ be the positive even and odd roots of g, respectively and Ag" and Aj~ the positive 
even and odd roots of g, respectively. The denominators of g and g are denned to be 

(2.1) E:= 5» II i 1 -^) andiJ I= [] (l + e- Q ) 



(2.2) ^ : =1T> «0= ' (l-e- Q ) andi? I= ' 

1 a6A„+ aGA+ 



_ Rq 

Recall that q = e~ 5 . The afhne denominator takes the form 

11 11 TT ,. (1 _L a mn+j e -a\ 

where the elements from A-r are taken with multiplicity. 

2.2. The Weyl group of a Lie superalgebra. One of the main tools that is used in the proof is 
the action of certain subgroups of the Weyl group. We recall the definition of the Weyl group for 
twisted affine Lie superalgebras and some facts about its action. 

An even root a is called principal if in some base IT' obtained from tt by a sequence of odd 
reflections, either a or ^ is simple (see |HS1 5]). The Weyl group is defined to be the group 
generated by reflections with respect to the principal roots. For basic simple Lie superalgebras, it 
coincides with the group generated by reflections with respect to the even roots. For twisted affine 
Lie superalgebra, the real even roots can be identified with the real roots of a Kac-Moody algebra 
and the Weyl group is generated by these roots (see [S]). 

We shall use the following lemma in the proof of Theorem II .11 for the case h y ^ 0. 

Lemma 2.1. ( |G1[ 1.3.2]) Let Ii + be the set of principal roots satisfying (p, a v ) > for all a G II + , 
and W+ the subgroup of the Weyl group generated by the reflections {s a \ a G n + }. Then 

(i) One has p — wp G Q + for all w G W + . 

(ii) // w — s cti ■ . . . ■ s ai is reduced decomposition of w G W + , then 



ht(p-wp) >\{j\ (p,aV)^0} 
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(iii) The stabilizer of p in W+ is generated by the reflections {s a | a £ fT + and (p, a v ) = 0}. 

2.3. The translation group T' and the denominator identity for basic Lie superalgebras. 

We define the subgroups of the Weyl group including T" that are used in the proof of Theorem 
11.11 and normalize the bilinear form. We shall then recall the denominator identity for basic Lie 
superalgebras. 

Definition 2.2. Let Ai and A2 be irreducible finite root systems of Lie algebras. We say that Ai 
is larger than A2 if its rank is larger, or if the ranks are equal and A2 can be embedded in Ai. 

For a basic simple Lie superalgebra (excluding D (2, l,a)), the set of even roots Ag is a root 
system of a reductive Lie algebra which is a product of at most two irreducible root systems. Let 
A# be the larger among the two and W# its Weyl group. If h v ^ 0, we take A' (resp. A") to 
be the larger (resp. smaller) simple root subsystem and conversely otherwise. If the two simple 
parts are isomorphic, we pick an arbitrary choice. When they are incomparable [C n and B n ), we 
shall specify for each case. For D (2, 1, a), A 5 = A± U A\ U A x and we take A' = A # = A± U A±, 
A" = j4i. 

We normalize the bilinear form such that it is positive definite on A'. Let A' (resp. A") 
be the maximal affine root subsystem of Ag with containing A' (resp. A"). The intersection 
A' + := A' n A + is a choice of positive roots for A'. Let tt' be the corresponding set of simple roots 
and choose p' £ span (tt' U {Ao}) such that (p',ct) = \ (a, a) for every a £ tt'. The root lattice of 
A' is Q' := ZA'. Let tt" be the set of simple roots of A" with respect to A"+ := A" n A+. 

Let W' and W 1 be the Weyl group of A' and A', respectively. Let M' be the lattice generated 
by I (^a) a I n ^ ~ a e ^ ' > a e ^*} anc ^ the abelian group generated by the translations 

\t a (A) = A + (A, 5) a - ((X, a) + i (a, a) (A, S)J 5 \ a £ M ', A e if* | . 

Note that t 1. a = s n s- a s a . Unless W is of type ^4 2 n-i an( i W ^ s 0I " tyP e Dk, we have that 
V C W' (since in these cases nS - a £ A' implies that a £ QA') and W' = W X V (see (Kj 6.5]). 

When W' is of type and W is of type D k (that is, when fl = A (2k - 1, 2Z - 1) (2) , fc > I), 

we have that A' = {ei ± e^} and M = span z {ei, . . . , e„}. Let Wc k and Fyc fc be the Weyl groups 
of Ck and Ck, respectively. Note that Wc k = (W',s £k ), Wc k — {W',s ek \ and s £k corresponds to 

a diagram automorphism of A'. One has Wc k = T' x Wc k - We can check that the sign function 
can be extended from W' to Wc k by setting sgna £fe = 1 (that is, sgnt £fc = —1). The bilinear form 
(•,•) is invariant under diagram automorphisms and thus under Wc k - A similar idea for extending 
the Weyl group was used in |FKP| 7]. 

We take W" and W" to be the Weyl groups of A" and A", respectively. Define M" as M' 
(replacing A' with A") and T" as we defined T (replacing M' with M"). 

The deject of g is the dimension of a maximal isotropic subspace of f)g := X^QeA-^ - ^ su bset 
S C A^ is called isotropic if it spans an isotropic subspace and maximal isotropic if moreover \S\ 
is equal to the defect. Given a maximal isotropic set S, there exists a choice of simple roots tt such 
that S C tt ( |KW[ 2.2]). Thus, for the rest of the paper we shall assume that our choice of simple 
roots contains a maximal isotropic set. 

Within this setup, recall that the denominator identity for basic Lie superalgebras, proven in 
[KW] [G2]. takes the following form: 
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(2.3) e"R= ]T (sgnw)w(- ^ 



p 



2.4. Algebras of formal power series. We recall the definition of the algebra of formal power 
series in which the equality of Theorem 11.11 holds (see also |G11 1.4]). 

Definition 2.3. Let 1Z be the Q-vector space spanned by the sums of the form X^gQ+ b u e x ~ v 
where A £ f)* and b v £ Q. For Y := 5^„ g g, €E 7?., we define the support of Y to be 



supp(r) := {i/eh &„^o} 



Note that the ring 1Z is not closed under the action of the Weyl group. Let W be a subgroup of 
the Weyl group. We define subrings IZ^ and 1Z' of 1Z which are closed under the action of W. 
Let IZy^ be the subalgebra of 1Z defined by 

n w : = { J2 b » e " e n 1 J2 h » eWU e n for a11 w e ^ 

and 1Z' the localization of 7£,y by 



y := «j ] [ (1 + a a e- a ) r(a) \ a a £ Q, r (a) £ Z> and IcA, X\A+ 



< 00 



The elements of 3^ are invertible in 7Z using geometric series (for example (1 — e a ) = — e Q (1 — e a ) 1 
= — YITLi e ' Q ) an d 3^ is contained in 7?.^ (see |G11 1.4.2]). We extend the action of W from 7?.^ 
to 1Z! by w (y- 1 ^') = (wYy 1 (wY') (see [Gil 1.4.3]). 

Remark 2.4. Note that the maximal element in the support of Ilaex a Q e_Q ) r ' Q ' ) £ ^ is 

-E a eX\A+:a^O r ( Q ) 1 '- 

For y £ IZyj such that each VF-orbit in f)* has a finite intersection with suppy, denote the sum 
We use the following lemmas from |G1[ 1.4.4]: 

Lemma 2.5. Suppose Y £ TZ^ and (Y) £ 1Z, then Tyj (Y) £ TZ^ and is W -anti-invariant 

A set is called W -regular if for every element A in the set, Stab^A is trivial. 

Lemma 2.6. The support of a W -anti-invariant element in TZ^ is a union of regular W -orbits. 

Remark 2.7. In order to use the above lemmas for R and J~t> (e^i?) £ TZl . we will multiply them 
by Ri £ y. Note that since e?R and e* 5 Rq are IF'-skew invariant elements of TZ^,, e? ~?Ri is 
W '-invariant. Similarly e' 5 ~^R\ is lF"-invariant. 
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3. MAIN ARGUMENT 

In this section we use the Casimir operator and the denominator identity for finite dimensional 
Lie superalgebras to show that the supports of e p R and Tt' { e ^R) belong to the following subset 
of f)*: 

U:= {^efl* I 0,M) = (/S,/S)}. 

Let us explain how this argument is used to prove Theorem ll.il First, using VF'-anti-invariance 
(namely lemmas 12.51 and I2.6[) . we get that it is sufficient to check the denominator identity only 
on a small subset of the coefficients. The fact that these are coefficients of elements in U, implies 
that one has to check the identity on even fewer coefficients. When h v ^ 0, the rest of the proof 
amounts to comparing the coefficient of e p on both sides of the identity. When h y — 0, one should 
calculate the coefficients of the powers of q. This is carried out in sections [4] and [SJ respectively. 

We shall use the following classical lemma (see for example (Kj 10.4]). 



Lemma 3.1. One has supp ys p Rj C U . 

Proof. Since q admits a Casimir element, the character of the trivial g-module is an integral lin- 
ear combination of the characters of Verma g-modules M(A), where A G — Q + , are such that 
(A + p, A + p) = (p, p) (see (Kj 9.8]). Since the character of M (A) is equal to R~ 1 e x , we obtain 

1 = a\c\iM (A) = axe^R- 1 

\e-Q+,(x+p,x+p)={p,p) \e-Q+,(\+p,\+p)=(p,p) 
where a\ G Z. This can be rewritten as 

Re p = «A eA ' 
\ep-Q+,(\,X)=(p,p) 

that is supp (e p Rj C U. □ 
Lemma 3.2. The support of Tt 1 iePR) is contained in U. 

Proof. Let us show that for every t G T 1 , the support of t (e^i?) is contained in U. Recall that the 
denominator identity of finite dimensional Lie superalgebras takes the form 



e p R = JF, 



w* 



v rw(i+e-^; 

where S is a maximal isotropic set of roots and the set of simple roots of q (which determines p) is 
assumed to contain S (see Section [273} . Since p — p is W#-invariant, we have 



t (e p R) = tT, 



e 



For each w G W* , the support of e twp ■ Yipes i 1 + e ~ twfi ) ^ is contained in twp + Z {tw/3 | f3 G S} 
(see Remark l2.4p . Since (p, (3) = for all {3 G S and (•, •) is invariant under the action of the Weyl 
group and T', the assertion follows. □ 
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4. Proof of the Denominator Identity, h 



7^0 



We prove Theorem 1 1.1 1 for the case h v ^ in three steps. We follow the proof of |Glj . The first 
step of the proof is to show that the right hand side of the identity is a well denned element of 1Z' . 
For this we use the properties of roots systems described described in Proposition 14. ip . The second 
step is to show that the support of the difference between the two sides of the equation admits at 
most one maximal element which is p. The third step of the proof is to show that the coefficient of 
e p in both sides is 1. 



4.1. Another form of the denominator identity. We first rewrite Tt> (ePB) using the de- 
nominator identity for finite dimensional Lie superalgebras and use this form to prove Theorem 



Recall that 7r contains a maximal set of isotropic roots S (see Section 12 .3[) . In the first step of the 

proof we show that T^, ^e* 3 1~[^gs e ~ 13 ) i s weu defined. Recall that for g A (2k — 1, 21 — 1), 

k > I + 1, W' = T' X W. Then, using the denominator identity for basic Lie superalgebras f|2 . 3|) . 
we have that 



(4.1) 




For q = A (2k - 1, 21 - 1), k > I + 1, W' J) T' = span z {ei, . . . , e k } (see SectionOOl). We have that 
W' and W are subgroups of index 2 in Wc k and Wc k , respectively. Recall that Wc k = T' x Wc k 
and the sign function is extended from W' to Wc k such that sgns efc = 1. Note that S and p are 
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s ek -invariant and hence 



Tt> (e p R) = 



(4.2) 




We get that the denominator identity can be written as 



e/R = Tfr, 



The fact that J 7 ^, ^e^ Il^es e ^) 1 ) * s we ^ defined implies that so is Tt 1 { e ^R) ■ However, the 
converse implication does not hold since it is not necessarily possible to open the parenthesis in the 
third equality of (|4.1|) and the fourth equality of (|4.2j) . In fact, neither T^, (eP Il^es (l + e _/3 ) 

nor F w „ (e p JJaes i 1 + e_/3 ) _1 ) is wel1 denned for = A ( 2fc — l,2fe — 1) (2) . 



4.2. Choice of simple roots. For the rest of this section we will assume that our choice of simple 
roots satisfies the conditions of the following proposition. The proof of existence of such choices is 
given in Appendix [ 



Proposition 4.1. For every twisted affine Lie superalgebra with h v ^ 0, there exists a choice of 
set of simple roots it such that 

(i) for all a £ n, (a, a) > 0; 

(ii) forg^A (2k, 2k + 1) (2) , A (2k, 2k - 1) (2) and G (3) (2) , one has (a , a ) > 0. 



Remark 4.2. Suppose that the set of simple roots satisfies (i), then ^p, Q + ^j 



> 0. 



Suppose that we fix the "finite part" g in g, then e p R and e?R are independent of the choice 
of simple roots. Thus, it suffices to prove Theorem 11.11 for a choice satisfying the conditions of 
Proposition 14. II However, the choice of the finite part is not unique. For example, the Lie algebra 



has two non-isomorphic maximal finite subalgebras, namely Bi and Di each obtained by 
removing one vertex from the Dynkin diagram of B^. The situation is more complicated for Lie 
superalgebras since the Dynkin diagram is not unique and one can obtain different finite parts by 
removing a vertex in different diagrams 



DENOMINATOR IDENTITY FOR TWISTED AFFINE LIE SUPERALGEBRAS 



9 



The denominator identity for non- twisted Lie superalgebras ( |G1[ IGR| ) also depends on the 
choice of the finite part. However, for twisted algebras this problem is more significant since the 
choice of the finite part is not canonical. Consider for example the first set of simple roots described 
in Table 2. One can see that if we take the finite part that corresponds to the Dynkin diagram of 
■k\{ek}, the conditions of Proposition 14.11 still hold and hence our proof for Theorem 11.11 applies. 
However, it is not clear whether one can also do so for other choices of simple roots. It is interesting 
to look for a proof of the denominator identity (twisted and not-twisted) that is independent of the 
choice of simple roots and hence will apply to all finite parts. 

4.3. Step I. Let us show that T^, (e p l£) is well defined. By Section I4TT1 Tt' (e/R) is well-defined 
as well. 

Proposition 4.3. The formal sum J-^, ^j=j (^ +e -$^ j * s i n T^f an d support lies in p — Q + . 

Proof. We extend the proof in jGH 2.4.1] to twisted affine Lie superalgebras. By |HS1 5] and [HI 
4.10] the set of principal roots of A is equal to the set of simple roots of Ag~. Hence W' is a subgroup 
of the group W+ introduced in Lemma [2.11 and n + C ft'. By Remark 12.41 for every w G W', the 
maximal element of the support w {^ef ■ Il/3es (l + e - ' 3 ) ^ is wp + Ylpes-wfieA- ^ Lemma 
I2.1I (T). wp < p. Hence 

supp [ w— , 6 _ a , ) C wp - Q + C p - Q + . 

V rw( l+e ' )) 

So it suffices to show that the set G r := ju> G W' | ht (^p — wp + J^pes-wfieA- — r } ^ s nn ite 
for every r. This set is contained in the set H r := |w <E W' \ ht (p — wp) < r|. We will show 

that H r is finite. By Lemma |2. II fii) every element in H r is of the form WQSi^i ■ . . . ■ s^uij where 
Wi G Hq, j < r and Sj . are simple reflections for all i. 

Let us show that Hq is a finite subgroup of W' . By Lemma I2.1l (iii) Hq is the subgroup 
generated by {s a \ a G n + and (p,a v ) = 0}. Let £ and Eo be the Dynkin diagrams of A' and 
{a G n + | (p,a v ) = 0}, respectively. The inclusion So C E is proper. Indeed, since h v ^ 0, there 
exists a simple root a such that i (a, a) = (p, a) ^ 0. Since (a, a) ^ 0, either a or 2a is a principal 

root. By Proposition 14. 11 (i) . (a, a) > . Thus, either a or 2a belongs to A', so (^p, A' j ^ and 
hence So ^ E. Since E is affine and indecomposable and Eo is a proper subdiagram of E, we get 
that Eo is of finite type and thus Ho is finite as asserted. □ 

4.4. Step II. The next step of the proof is to show that the support of the difference between the 
two sides of (jl.ip admits at most one maximal element which is p. We do this by showing that p 
is the only element in U which is a maximal element of a regular VT'-orbit. We multiply e^R and 
Tt* {ePR) by e' 3 ~PR\ so that they will belong to the algebra 7?.^, where the action of W' can be 
applied to the support of a series (that is lemmas 12.51 and 12.61 are applicable) . 



Proposition 4.4. IfY := ePR - T T , {e^R) is non zero, the only maximal element in the support 
of Y is p. 



To prove this proposition, we use the following lemma about affine Lie algebras: 
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Lemma 4.5. ( |G1[ 3.1.1]) Let a be an affine Lie algebra with set of simple roots ir a , and W a its 
Weyl group. Let p a be such that (p a ,a) = \ (a, a) for all a G ir a . Suppose A G ^2 a£7T Qct is such 
that X + p a is a maximal element in a regular W a -orbit and (A, a v ) G Z for all a e i„. Then A G QS 
where d is the minimal imaginary root of a. 

Proof of Proposition \4.4\ Let p be a maximal element in supply Let us show that p = p. By 
Section[3] (p, p) = (p, p). The element p + p' — p is a maximal element of the support of e p ~ p i?i ■ Y. 
By the VK'-invariance of &p ~PRi (see Remark l2.7p and (|4.ip . (|4.2p . we have the following equality 



(4.3) e p -PR! -Y = ePR - T w , 



e P i?i 



n^a+e-^) 



Note that the summands in the right hand side of (|4.3p are VF'-anti-invariant elements of Tly^, 
(using Lemma f2.5[) . By Lemma [2.6] the support of e' 3 ~ P R\ • Y is a union of regular orbits. For 
an element in A = Qtt, we write A = p' (A) + p" (A) where p' (A) G Qtt' and p" (A) G <Qir" . One 
has that p' (p + p' — p) = p' (p — p) + p' is a maximal element in its W '-orbit. By Lemma 14.51 
p' (p — p) = —s5, s G Q. Recall that 

(p,p) = 

= (P + P' (P - P)+P" {P-P),P + P'&- P)+P" (P - P)) 
= (p- sS +p" (p- p) ,p- sS + p" (p- p)) 

which implies that 

(p" (P ~ P) ,P" (P - P)) + 2 (A -s5 + p" (p - p)) = 0. 

One has p~s6+p" (p — p) G suppF and by Lemma l4T3l suppF C p—Q + . Hence (p, —sS + p" (p — p)) < 
by Remark l4.2l Since (•, •) is negative definite on A", (p" (p — p) ,p" (p — p)) < and we get that 
p" (p — p) = and hence s = 0. Thus, p = p and the assertion follows. □ 

Remark 4.6. When h v = 0, there are algebras for which there is no choice a set of simple roots 
such that I p, Q + ) > and hence we can not use the argument described in this proof. 



4.5. Step III. Let us complete the proof of Theorem 1 1 . 1 1 for h y ^ by showing that the coefficients 
of are equal on both sides of the equation. That is, we show that p does not belong to the support 
of ePR — Tt 1 (ePR). 

Clearly the coefficient of e' 5 in e^R is 1. On the other hand, we have: 



is 1. 



Proposition 4.7. The coefficient of ef in T^, ^j=j (i+ e - 

Proof. Note that the coefficient of ef in J2 W £W' ( s S nui ) w (rj (i+e-P) ) i s equal to J2 W £A ( s & nw ) 

where A := |w G W' \ wp = p, w(3 G A + for all /3 G 5| (see Remark l2.4p . We prove the proposi- 
tion by showing that A = {1}. 

Case 1: (ao, ao) > 0. We show that the stabilizer of p in W' is trivial. Similarly to the argument 
of Proposition 14.31 Lemma 12.11 (iii) yields that the stabilizer of p in W' is generated by reflections 
with respect to roots in %' . By Proposition I4.1l (i). olq G tt' but s ao is not in the stabilizer since 
(ao,«o) = \ { a 0iP) 7^ 0- Hence the stabilizer is generated by reflections with respect to roots in 
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7r' so Stab^, p lies in W' and thus coincides with Stab w p. We get that the coefficient of in 
J-yy., (^yy (i +e -p) ) is the same as in Tw' yjj (i-|_ e -ff) ) ■ Since p — p is W'-invariant, we get that 

it is equal to the coefficient of e p in Tw 1 ( n rrz ~ ^ \ ) • By the denominator identity for finite 

dimensional Lie superalgebras it is equal to the coefficient of e p in e p R which is clearly 1. 

Case 2: G (3) (2) . In this case S = {e 3 - e 2 - £i}, A' = A 5 \ {2s5 ± 2e 3 } sgZ and p = 3A - 
£3 + £1 + £2- By Lemma ETJ(iii), the stabilizer of p is generated by reflections with respect to the 
principal roots. The principal roots are {2e\,2e2,6 — Se-2 — £1} and so Stab^p = {1, S5_3 £2 _ £l }. 
Since s«5_ 3e2 _ £l (e 3 - e 2 - £1) £ A+, A = {1}. 

Case 3: A (2k, 2k + l)^ 2 \ In this case p = Ao + \ fSi=i ( £ « — <^») + £ k+ij an d we take 5 = 

{Si — £i+i} i=1 k - Here A' = {sS s ^o, sS ±e g ± eh, 2sS ± 2eu} and T" = | p € A/} where M = 
span z {±£ ff ± £/i}, s £ Z, g ^ h and 1 < 3, < k + 1. 

Let w £ A. We show that id = 1. Write w = t^y where y £ W' and p £ span z {±£ s ± eh}. 
Then wS C A + means that w (Si — £j+i) = <5j — y£;+i + (p,y£i+i) S £ A + . Hence (/i,j/£,) > for 
all i = 2, . . . , k + 1. On the other hand, p = wp means that 




= yp + (i- -((ei + ... + e k +i,y V) + (y V>S/ V)) & 

Write = X) a i £ i an d S a i — (mod 2). Then 

= (£1 + . . . + e fc+ i,y~V) + (y~ 1 p,y~ 1 p) 

= + 1) . 

Since asj € Z, we get that a.; 6 {0,-1}. Since a{ = (p,yei) > for i = 2, ...,k + 1, we have 
<22, • • • , Ofe+i = and hence ai = 0. Hence p = and w — y £ W . Since wp = p, we get that w 
permutes £1 . . . , £fc+i (no sign change). Note that 6i — ej £ A - if j < i and so the only permutation 
w such that wS C A+ is 1. Thus, A = {1}. 

Case 4: A(2k,2k — 1)^ 2 \ In this case S = {Si — £i} i=1 k and p = Ao + |2i=i ( e * — <^)- 
Here A' = {s5 s ^o, sS + e g + eh, s5 + e g , (2s + 1)5 ± 2e g } where s £ Z, g ^ h and 1 < g, h < k. Let 
w £ A. We show that w = 1. Write w = t^y where y £ W' and p £ span z {e±, . . . , £fc}. Then 
wS C A + means that w (Si — £,) = <5; — y£i + (p, y£i) 5 £ A + . Hence (p, ye^) > for all i = 1, . . . , fc. 
On the other hand, p = iup means that 




= VP + M - 2 + ■ • • + £fe, y V) + (m> m)) 

Since (ei + . . . +£fc,y _1 p:) > and (p, p) > 0, we get that p = and so u; = y £ W' . Thus, 
wp = p implies that w permutes e\. . . ,e k (no sign change). Note that Si — £j £ A - if j < i and 
hence the only permutation w such that wS C A+ is 1. Thus, A = {!}. □ 
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5. Proof of the Denominator Identity, h y = 

In this section we prove Theorem II .11 for the case h y = 0, in three steps. The first step is to show 
that the sum Tt' (^ e ' 5 ) i s wei l defined and belongs to 1Z. In the second step, we show that R~ 1 e~? ■ 
Tt> (i?e /3 ) takes the form / (q). In the third step we compute / (q) using a proper evaluation. The 

case h v = consists of the algebras A (2k -1,2k- 1) (2) , A (2k, 2fc) (4) and D (k + 1, fc) (2) . We first 
describe the even roots and the translation groups. 

5.1. Description of the root system and the Weyl group. We describe the set of even roots 
Aq = A' U A" of q, and the translation groups T' and T" of the Weyl group. We denote by 
C [t m , t~ m ] (£), the affine Lie algebra which is isomorphic to I where t ® g E t, get is mapped to 

t m ® g eC[r,r m ] (i). 

5.1.1. A(2k - 1,2k - 1) (2) . In this case g = D (k, k). The set of even roots of g is A' U A", 

A' = {5i ± Si | i?j} t A" = {ei ± Ej | i ? j} u {2e t } 
where i,j = 1, . . . , k. The set of even roots of g is Aq = A' U A" where A' and A" are the root 

(2) 

system of A 2I :_ 1 . The translation subgroups are T = {t^ \ /i £ M } where M' — span z {i5i, . . . , 5k} 
and T" = {t^ \ n £ M"} where M" = span z {e.; ± Ej}. 

Recall that W' £ T ' and we embed W and W' in W Ck = (W\s Sk ) and W Ck = (w',s Sk ) , 

respectively. One has Wc k — T' X Wc k ■ 

5.1.2. A (2k, 2fc) (4) . In this case q = B (k, k). The set of even roots of g is A' U A", 

A' = {St ± Sj | * ^ j} U {5 t } , A" = { £l ± e 3 \ {2e t } 

where i,j = l,...,k. The set of even roots of g is Aq = A' U A" where A' and A" are the 
root systems of C \t A ,t~ - 4 ] (4fc) and C [t 2 ,t 2 ] (yA^jl^j, respectively. The translation subgroups 
are T = {t^ \ n £ M'} where M' = span z {2S 1: 2S k } and T" = {t^ \ n £ AI"} where M" = 
span z {2ei, . . . , 2e k }- As we shall see, in this case it is possible to swap between A' and A" and the 
proof works. 

5.1.3. D (k + 1, ky ' . In this case q — B (k, k) as well, and the set of even roots of g is the same 
as in 15.1.21 The set of even roots of g is Ag = A' U A" where A' and A" are the root systems 
of and C [t 2 ,t~ 2 ] ^C^ 1 ^ , respectively. The translation subgroups are T' = {t^ \ fi £ M'} 
where M' = span z {28i, 28 k } and T" = {t^ \ n £ M"} where M" = span z {2e x , 2e k }. In 
this case, one can swap between A' and A". As we shall see, in this case it is possible to swap 
between A' and A" and the proof works. 

5.2. Step I. Let us show that Tt> (e p R) is a well defined element of 71. In the case g = A (2k — 1,2k — 
we use a method from |GR[ 2.1] and in the cases A (2k, 2fc) (4) and D (k + 1, k) {2) , we use the de- 
nominator identity for B (k,k). 

Note that when h v = 0, p = p. 

Lemma 5.1. For g = A (2k — 1, 2k — 1) , Tt 1 (e p R) is well defined and belongs to the algebra 7Z. 
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Proof. Let us show that for every w € T" , the maximal element of suppw(e p i?) is less than p + 
12peA+ P an< ^ that for every v < p + 5Z/3eA+ Pi there are only finitely many w G T' such that the 
maximal element of supp w (e p R) is larger than v. The latter implies that Tt (e p i?) is well defined, 
whereas the former implies that 

supp(T T >(e p R)) C p+ P-Q + > 
/3eA+ 

that is Ft 1 (e p R) belongs to 1Z. 
One has 

max supp w (e p R) = wp — wa + 



wa. 

_.^A + 

o ■ 



ctGA^:wa<0 ctGA^:wa<0 



Each w 6 T' is of the form w = t M where p G X)"=i Note that for every j3 G Qir, w{5 < if and 
only if ((3,p) > 0. We obtain that 

(5.1) max supp i M (e p R) = —v (p) + (v (p) , p) 5, 

where 

v(ti) = -p+ a ~ a - 

aeA+:tj,(a)<0 aeA+:t M (a)<0 

We show that 

(i) for every p such that G T' , (v (p) , p) < 0; 

(ii) for every TV > 0, {p \ (v (p) , p) > —TV} is a finite set. 

By (|5.ip . we see that condition (ii) insures that only finitely many maximal elements can apear 
above a certain weight and condition (i) means that for all p one has 

max supp (t^(e p R)) < -v(p) < p+ ^ /3. 

/3SA + 

Let us verify (i) and (ii). Recall that p has the form p — J^—i^id,, where n i G Z. Write 
i> (/i) = u' + u", where v' = X^=i ano - ll " nes m the span of the £,--s. Let us show that if > 
then a, < — | and if rij < then eij > | . We shall then have that 

(u (/i) , p) — ^ a.n, < -- Y n * + 2 Y n% - °> 

rii>0 rii<0 

and hence the set {p \ (v (p) , p) > —TV} is a subset of ■fj^iLi n ^ I \ 12 \ n i\ < which is finite. 
One has p = and 

Aj = {5j ± <5j | 1 < % < j < k} U {ei ± sj | 1 < i < j < k} U {2s, \ 1 < i < k} 
= {St ±e j \l<i<j<k}U{e i ±S j \l<i<j< k} . 

Hence 

{a £ A+ (a, jti) > 0} = {6i -5j\i< j, m > n 3 } U + Sj \ i < j, m + rij > 0} 

{a G | (a, ju) > 0} = {e, - | i < j, < 0} U {Si -ej\i< j, m > 0} U {Si + e s | n, > 0} , 

where 1 < i,j < k. So for n, > 0, one has a* < (2/c — i — 1) — (2fc — i) = —1 and for rii < 0, one 
has en > — (i — 1) + i — 1 as required. □ 
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Remark 5.2. Note that the above argument does not apply if one would take T" instead of T'. For 
example, 1 G supp t nSl (e p R) for every n < and so X^teT" t {e p R) is not well defined. 

A similar argument applies for the cases A (2k, 2fc) (4) and D(k + 1, k) {2) . However, we shall prove 
a stronger statement: 

Lemma 5.3. For the cases a = A(2k,2k) (4) and D (k + l,k) {2) , we have 

m ^ ( " fl) = ^( n w ,a + «-») ) 

where S is a maximal isotropic subset of n and both sums are well defined elements oflZ. 

Proof. Let us show that the right hand side of (|5.2|) is well defined. For every y g W', we compute 
the maximal element u (y) of the support of y (^e p Tip^s e_/3 ) an( i see that each maximal 
element appears finitely many times and is less than or equal to max^gvt" wp. 
Write y = t^w where t M £ T" and w 6 W. Then 

u(tfj,w) = t^wp+ S~] t^wft 

/3eS:t M ™^<0 

/3SS /3GS: (jj,,w0)>O /3SS: (m,ui/3)=0, iu/3<0 



wp-. 

/3sS:t M ii.^<o pes 

Hence u(t^w) = v' — mS for v' £ Q only when m — gX^seS K^AaOIj which is possible only for 
finitely many /x's. 

Let us prove equality (|5.2p . In these cases, g is isomorphic to B(k,k) and the denominator 
identity holds for W as well (see [Gil 2.2]), that is 

/ c p \ 



Since W' = T' Y\ W', the equality JO]) follows. □ 

5.3. Step II. In this step we show that R~ 1 e~ p ■ Tt> (Re p ) takes the form / (q). As in the non- 
twisted case |GRI 2.3.2], this follows from a proposition stating that supp (Y) C Q w . For all twisted 
affine Lie superalgebras Q w = 7,5, completing this step of the proof. The proof of this proposition 
requires the following two lemmas. 

Lemma 5.4. The term e p ~ P R\ ■ Tt> (e p R) is a W' -anti-invariant element ofR.^,. 
Proof. By Lemma 12.51 it suffices to find Y G ft-fa, such that 

(5.3) eP'-PRi ■ T T > (e p R) = F w , (Y) . 

We will find Y in the form Y = eP'- p R\ ■ Z. Since e p '- p Ri is Fy'-invariant (see Remark |2~7|) , the 
equality (|5-3[) is equivalent to 

(5.4) T T - (e p R) = (Z) . 
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For the cases A (2k, 2fc) (4) and D (k + 1, fc) (2) , we take Z := e^I/jes ( 1 + e ~ 13 ) Then ' equality 
(|5.4p follows from Lemma T5. 31 and Y = e p ~ P R\ ■ e p n^es (l + e - ' 3 ) 1 belongs to 72.*, by Section 

EH 

For the remaining A (2fc - l,2fc - 1) (2) case, we take Z := e^'-i?^ 1 where i?£ = ri tt eA"+ ( x ~ e ~")- 
Then Y — ef Ri ■ R'^ ■ R^ 1 is again in 72.^, by Section l2~4l Let us prove equality (|5.4p . Note that 
e p i?[j' is M^'-invariant and p — 0. Dividing both sides of equality (|5.4j) by e p i?g we obtain the 
equivalent equality 

(5.5) F T , {R'- ■ i?-- 1 ) = F W , (i?-" 1 ) . 

Note that the left hand side of (|5.5[) belongs to 72' because ,7t' (e p R) G 72.. 

Let us show that T^, (Rf 1 ) is well defined and belongs to 72. For every y G W 7 , one has 

maxsupp (yRi 1 ) = ^2 yf3. 

Let us show that for every v G — Q + , there are only finitely many y G W' such that maxsupp (yR^ 1 ) = 
v. Write y = t^w where t^ G T and w eW. Note that y/3 < if (p, w0) > and that (p, w0) = 
implies that y/3 G Q. Since /i G span {£i} i=1 , for every i = 1, . . . k one has either (fi, w (£i — <5,)) > 
or (fj,,w(ei + Si)) > 0. Write v = —mS + v' where v' G Q and fj, = Yli=i a i^i- We get that 
Ei=i l a il — m which is possible only for finitely many /i's. Thus, the sum 7*, (R^ 1 ) is well 
defined. 

We are left to verify equality (|5.5| . Recall that in this case W' ^ T". The groups W 7 and W 
are extended to Wc k = \ W', sg k \ and Wc k — (W, s$ k ), respectively, and Wc k =T' x Wc k - Recall 
that the sign function is extended from W' to Wc k such that sgnss k = 1 (see !2.3|) . One has 

Since p = 0, e p i?i is Wc k -invariant (see Remark l2.7p . We obtain 

= F T - (e-f'R^ 1 ■ F WCk (e p ')) 

= T T > [e-p'R^ 1 ■ T w , [e p> + s Sk e»'^ 

= 2Tt' (Rq ■ Ri ) 

as required. B □ 

Lemma 5.5. For q = A (2k, 2fc) (4) or D (k + 1, k) {2) , the term e p "- p Ri ■ T T > (e p R) is a W" -anti- 
invariant element of 72.^,, . 

Proof. Note that e p ~ p Ri is M^'-invariant and by Section EH 

e p "- p Ri ■ T T - (e p R) = e p "-~ p ' F T > (e p 'i?i • r) . 

Let us show VF"-anti-invariance. The term e p _p i?i is VF"-invariant (Remark 1 2. 7p and so it suffices 
to show that Tt 1 (e p R) is VF"-anti- invariant. Note that W' and W" commute. The anti-invariance 
with respect to W" follows from the one of e p R. It remains to show invariance with respect to 
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T". By Lemma EJ T T > (e p R) = T^, (e p ]J peS (l + e~ p ) J . Since p = \ Yj l=1 (k - £i) and 
S = {Ei - Si}- V 



*E2n iE , u p n i 1 + = *e w, w n i 1 + 

\ Pes J \ pes 

and the assertion follows. □ 

Proposition 5.6. The support of e~ p R~ 1 ■ Tt 1 (e p R) is contained in ZS. 

Proof. We generalize the argument of [GRl 2.3.2]. Let Y := erPR^-Tr' (e p R). Note that e p '- p R\ ■ 
Tt 1 (e p R) = e p Rq-Y which is a T^'-anti-invariant element of IZyy' by Lemma [5T4l Write Y = Y1+Y2 
where supp (Y\) C Z<5 and supp (Y"2)nZ5 = 0. Since e p R^ and Y\ are W-anti-invariant and invariant, 
respectively, the term 

e p, Ro ■ Y 2 = e p, Ro ■ Y - e p i? • Y x 
is also a VF'-anti-invariant element of TZ^, . We would like to show that this term is equal to zero. Let 
us show that every maximal element p G supp (Y2) belongs to 18, in contradiction to the definition 
of Y%. The element p + p' is maximal in supp ^i?o e/3 ' ^2) • By Lemma \2. 61 supp (^RoeP ■ is a 

union of regular orbits. Since p + p' is maximal in a regular M^'-orbit and ^ = 1 for all a e 1', 

one has (p, a) > 0. On the other hand, (p, 5) = and 5 G Z > o7r / and hence (/z, #') = 0. Since ZA" 
is the orthogonal set to ft' in Q, we get that p G ZA". 

For the cases A (2k, 2k)^ and D (k + 1, fc)' 2 ' 1 , we can interchange by W 77 and apply the same 
argument (using Lemma 1531 instead of Lemma \5A\i . Thus, p G A' D A" and hence G Z<5. 

('2) 

For the case A (2k — 1, 2fc — 1) , let us show that the support of p + p belongs to U. Note that 
R e PY 2 = Tt> (Re p ) - Re p Yi and by Section El 



supp (Jt' (Re p )) , supp ( Re p j C U. 

Since (S,p) = (s,&) = (6,5) = 0, U + ZS C U. Hence, supp (ke p Y^ C U implying that 

supp (^Re p Y2^ C U and so /i + p G {/. 

Thus, (/i + p, p + p) = (p, p) = 0. This is equivalent to (p, p) = because p = 0. Since the 
bilinear form is negative definite on A", we get that p G Z<5 and the proposition follows. □ 



Remark 5.7. When h v ^ we can not use this argument since (S, p) 7^ and supp ^i?e p YiJ C/ . 

5.4. Step III. In this section we compute Tt 1 (e p R) ■ e _p i? _1 , knowing that it depends only on 
q, we describe an evaluation of the variables e~ a , a G tt, in which Tt 1 (e p R) ■ e~ p R~ 1 is equal to 
1 and R ■ R^ 1 can be easily computed. We use the property of the algebras A (2k — 1,2k — 1)^ 2 \ 
A (2k, 2fc) (4) and D(k + l, k) {2) that |Af| - |Aj|"| is equal to the defect which is k. 

Let x G C\{0} and evaluate e~ a by (-1) p(q) • x for every a G tt, where p (a) G {0, 1} denotes 
the parity of a. It implies that e -7 is evaluated by (— l) p( - 7 ^ x^' 7 -' for every 7 G A. 

Lemma 5.8. Let g be one of the algebras A (2k -1,2k- 1) (2 \ A (2k, 2fc) (4) and D(k + 1, k) {2) . 
Then for every t G T' , t ^ id, is equal to 0. 
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Proof. One has that e p (x) = x n for some n G \l and 



R(x) 



n 



,ht 7 



n 



(l - X^) 



|A±| 



fe. 



and hence at x = 1, the function e p i? (x) has a pole of order |Aj~| 

Let us show that if ^ id, then (t^ (e p R)) (x) has a pole at x — 1 of order which is strictly less 
than k. By the denominator identity of finite dimensional Lie superalgebras (see 

t fl (e»R) = C- 1 )^ 

w£W" 



ntia+e-^o 



One has t^wfSi = wfii + riiS where n% = (/x, ly/Jj) G Z. Hence the evaluation of (l 



-twfii 



-i . 



equal to (1 — x m q ni ) 1 for some m G Z^ . Hence it has a pole at x = 1 if and only if n, ; = 0. Thus, 
the evaluation of (e p i?) has a pole of order less or equal to the number of m's which are zero. 
This number is equal to k if and only if (/x, Si) = for i = 1, . . . , k. Since fi G span {Si, . . . , Sj-}, we 
get that fi = 0, that is i = id and the assertion follows. □ 

Remark 5.9. The above argument is based on the fact that the rank of T' is equal to the defect. 
In particular, it can not be used for the case h v ^ 0. 

Let us compute ^ (a;) 

Case A (2k — 1,2k— 1) (2) : One has 



Here 



R 
R 



n 

n=l 

= 4fc 2 



q n e a ) 



2n \dimf) 



,,2n+n dim 0<s 



n a6A (— , (l + 9»e«) 



2fc 



i? 
i? 



,(0) 



(>•) 



A 



(i) 



4fc 2 , dim t) = 2k and dim = 2fc — 2. So 



IK 1 



,2n+l\ 



Case A(2k,2k) (4) : One has 



a - n aeA ™»(i-^)(i- 9 4 ") dim '(i 

7? 11 



_4n+2\ dim B23 



J? 



d4) (l + g «e«)(l + (Z 4 »+ 1 ) dim ^(I + g 



4n+3 ) dim B3 



Here 



A 



(0) 



A^| =4fc 2 , 

dimrj = dimg 2 5 = 2fc and dim qs = dim 035 = 1. So 

R 



A 



(i; 



,(3) 



= 2k, 



A 



(0) 



i? 



(x) 



A 



,2n+l\ 



(2) 



4/c 2 + 2fc, 



A 



(i) 



A 



(3) 



2fc, 



Case D (fc + 1, fc) (2) : One has 



o„sdimf> /j 



i? 11 n QeA ™(i+9"^) 



„2n+n dim S<5 
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Here 



,(0) 



4k 2 



A 



(i) 



A 



(i) 



= 2k, 



A 



(0) 



4fc 2 + 2k, dim f) = 2k and dim 0,5 = 1. So 



= n<i- 

3=1 n=l 



2n+l\ 



Remark 5.10. For the computation of dimg,5 see |vdL21 7.5.13] or note that for g = A (2k — 1, 2k — 1), 
Z>(fc+l,fc), 



and for g = A(2A;,2fc), 

dim g g 
dimgi 



dim g g 
dimgi 



Ag' 



(0) 



(0) 



A 



(0) 



a< 0) 







(i) 



A 



(i) 



A 



(i) 



Ag- 



(2) 



(2) 



dim f) + dimga 



Ag" 



(3) 



A 



(3) 



dim \) + dim q 2 S 
dimg 5 + dimg 3<5 . 



6. Appendix 

We recall the construction of the twisted affine Lie superalgebras and the description of their 
root systems. We list choices of simple roots which we use to prove the denominator identity. 



6.1. A construction of the twisted affine Lie superalgebras. We describe the automorphisms 
which are used in |vdL2| to construct the twisted affine Lie superalgebras. For every algebra we show 
how the automorphism acts on the Chevalley generators e Qi , f ai with respect to a standard choice 
of simple roots n = {a\, . . . , a n } (a choice that contains at most one isotropic root). For a G A + , 



let 



where on £ ff and a = + • • • + on m , i\ < 



< U, 



For 



a e A - define f a similarly. 

If for all i = 1, . . . , n, a (e ai ) is a scalar multiple of e aj for some ctj S tt, we call a an almost- 
diagram automorphism and denote a (o^) := ctj. For Lie algebras, all finite order automorphisms 
are conjugated to almost diagram automorphisms and all twisted affine Lie algebras can be defined 
using a diagram automorphism (with no scalar multiples). We show that A (2k, 21)^ can not be 
defined using an almost-diagram automorphism. 

6.1.1. A (2k, 21 — 1) • Let us define an automorphism a of order 2 on A (2k, 21 — 1). Take 

7T = {El — £2, • • • ,£2fc - £2fe+l, £2k+l —8i,5i — 82,... ,821-1 - 821} ■ 
Then a is defined by 

CT ( e £i — = e £2fc + i-i — £2fc+2-i j 17 ( e 5i — <5; + i) — e S 2 i-i — 621+1-, J 17 ( e £2fc+i — <5i ) — fei — S 2 n 

a (/ei-Ei+i) = fe 2 k + i-i-£2k+2-i > a \fSi— Si+i) = /*2i-i— *ai+i-< ' CT (/e2fc+i— *i) = ~ e £i-<52i- 
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6.1.2. A (2k — 1,21 — 1) . Let us define an automorphism a of order 2 on A (2k — 1,2/ — 1) (i.e. 
psl(2k,2k) if k = l). Take 

7T = {El — S 2 , ■ ■ ■ , 62k-l — S2k,£2k — — fa, • ■ • , &21-1 - 8 2 l} ■ 

Then a is defined by 

( e £i-£ i+ i) = e £2fc _ i _e 2fc+1 _ i • (— 1) , <j (eg i -s i+1 ) = es 2l _ i ~s 2l+1 _ i , a {e E2k+1 -s 1 ) = f ei -s 2l , 

a (/ei-Ei+l) = /e2fc-i— £2fc + l-i ' ( _ 1) ' ) ^ (ftii — Si+l) = fs 2 l_i — (S 2 I+l-i! 17 (/s2fc+l — <5l) = _ e £l-52! ' 

6.1.3. A(2fc, 2Z) (4) . Let us define an automorphism cr of order 4 on A(2A;,2;) (i.e. psl (2fc + 1, 2fc + 1) 
if k = l). Take 

7T = {£l - £2, ■ ■ • ,£2fc - £2fe+l, £2fe+l - Si, 81 - 8 2 , ■ ■ ■ , 8 2 l - 821+1} ■ 

Then cr is defined as for A (2k, 21 - 1) on {ei - £2, . . . ,£2fc - £2fc+i,£2fc+i - Si,Si — 82, ■ ■ ■ ,821-1 - 821} 
and 

C ( e (5 21 -(5 21 + 1 ) = — i ' fs-L— 621+1 
® \fS21— <52j+i ) = e <5i -<5 2i + i ■ 

Proposition 6.1. The algebra A(2k, 21)^ can not be defined using an almost- diagram automor- 
phism. 

Proof. Let f) := g n f), where g is the algebra formed by the fixed points of a and f) the Cartan 
subalgebra of g = A (2k, 21). Note that e ek+1 -s 2l+1 and f Ek+1 -s 2l+1 commute with f). This gives rise 
to the imaginary odd root 8 of g with the root vector t (£> (e £k+1 -s 2l+1 + fs k+1 ~s^ l+1 ) ■ Let us show 
that this situation can not occur for almost-diagram automorphisms. 

Suppose a is an almost diagram automorphism. Then it would permute the fundamental co-roots 
m a , since if [w a ,ep\ = 8 a ^ep then [o (w a ) ,e a{j3) ] = S^^^e^y Hence h:=J2m a belongs to 
f). However h is a regular element of g, that is [h, e 7 ] = ht (7) e 7 , [h, / 7 ] = — ht (7) / 7 . Thus, the 
centralizer of f) in § is f) , in particular, there are no imaginary odd roots. □ 

6.1.4. D (k + 1, l)^ and C (k + Let us define an automorphism a of order 2 on D (k + 1, 1) 
and G (k + 1) . For D (k +1,1) take 

tt = {ei -£2, - £fe+i,£/c+i - f>iA - £ 2l ... !<Si-l ^ <5i,2(5i} 

and for C (fc + 1) take 

7T = {ei — e 2 , ■ ■ ■ , £fe - £fe+i, £fe+i — Si}. 

The automorphism a acts by 

( e £fc-£fc + l) =e £fc+£fc + lJ ( e £fc + l-5i) — /sfe + l-)-5n 

17 \fe k -e h+1 ) = fe k +e k + 1 , & {fs k+1 -S 1 ) = e £ k + i-S 1 - 

fixing the rest of the Chevalley generators. 

Remark 6.2. The automorphism a is a diagram automorphism with respect to 

7T = {£l - £2, ■ ■ ■ ,£fc-l - £fc, £fc — ^i, (5i — CT 2 , - • • ,<5/_i - (5;, (5; - E k +l,8i + £fe+l} . 
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6.1.5. G (3)^ 2 ' > . Let us define an automorphism a of order 2 on G (3). Take 



7f = {e a - £ 2 ,£ 2 - ■ 



Then <7 is defined by 



a ( e 5i) = ~ e <5i> 



and fixing the rest of the Chevalley generators. 



6.2. Description of the root systems of the twisted affine Lie superalgebras and choices 
of simple roots. In this section, we describe the root systems of the twisted affine Lie superalgebras 
for which we prove the denominator identity, see Table 1. The root systems are described in terms 
of a basis {ei, Sj, 5 | 1 < i < k, 1 < j < I}. The bilinear form (•, •) defined by 



(ei, Ej) = - (5i,Sj) = Sij, (ei, 5j) = 



when h v and g ^ G (3) (2) . When h v = we have 



{si,ej) = - (6i,6j) = -S^, (si,Sj) = 



The root system of G (3) is described by the basis {61,82,83} and the inner product is defined 
such that (ei,ei) = li, (£2, £2) = h> (£3, £3) = — 2 and (£j,£j) = if i ^ j. Here S denotes the 
minimal imaginary root. 

In Table 2 we present a choice of simple roots which is used to prove Theorem 11.11 for each root 
system of a twisted affine Lie superalgebra. In Table 3 we list the types of the finite part and A' 
and A" of each algebra. 
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Table 1. Root systems 



The algebra 




Roots 


A(2k,2l - 1) (2) 


k > I 


A 3 = {s5 s ^o, s5±Ei± £j,sS ± Si, (2s + 1) 5 ± 2ei, s<5 ± S g ± 5 h , 2s5 ± 25 h } 

At — •fso' 4- o" + F- iS + \ 


A {21, 2k - 1) (2) 


k>l + l 


Ag = {s5 s ^ ,s5±5 9 ±S h ,sS±S g , (2s + l)5±2(5 9 ,S(5±e i ±e j ,2s(5±2e i } 
Aj = {s<5 ± £j ± <S 9 , so" ± £i} 


A Ok 1 97 1 

. 1 1 Z/ij — 1, Zt — 1 1 


lc ~> 1 4- 1 


A- — / eA ,~ eA -1- c- . -1- c ■ cA 4- A 4- A, 9eA ^ 9A (0 Q A- ~\ \ R + c \ 

ZAq — -[S0 S :^q, So =t £i it £j , SO in Og i 0/j , zso it zOg, ^zs -|- 1 J o zt aE%\ 

Ai = {s5±e» ± 5 g } 


A (01 1 9£- 1 "i*- 2 -* 




A_ _ r „s A 4- A 4- A, «A + f ■ + f ■ 9oA 4- 9f Z9« 4- 1 "1 A 4- 9A 1 
zaq — ^ao s ^Q, so zt Op zt Oh, so zt zt tj, zso zt ztj , ^zs -f- lj o zt ZOg | 

Ai = {so"±e; zb Og} 


4 rot- onw 




A- - (1<,S ,„ 9 a A 4- )=•• 4- «■ . 9qA4-c- Me -1- 9*1 A 4- 9c ■ 
ZAq — "iZ^Os^Oi zso zn fci Z1Z fcj , zso zt t i? \^s -f- z j o it zt l; 

2s<5 zb 5 h ±5 h ,{2s + l)5 ±S g , 4sS ± 2S g } 

Ai = {(2s 4- 1) S, (2s + 1) S ± ei, 2so" zb <5 g , 2sc5 zb Si zb 6g} 


4 C2/ 2£- > l (4) 


fc > z 


A-> — /9<iA 9<iA 4- A 4- A> 9<jA 4- A fzU -4 9") A 4- 9A 
z-Aq — |zio s ^Q, zso zt Og it o^, zso m Og, \^s t zj o x ^Og, 

2sS zb £; zb £j, (2s + 1) 5 ± ei , AsS zb 2Sj } 

Ai = {(2s + 1) 8, (2s + 1)6± S g , 2s8 ± e h 2s5 ±5 g ± Ei} 


C*(Z4-1) (2 \ D(fc + l,Z) (2) 


fc > Z + 1 


Ag = {s6" s ^g, 2sd" ± Ei zb Ej, 2sS zb 5 g zb 6h, 2s5 zb 28 g , sS zb £;} 

Ai = {2s5zb£i ±5 g ,s5±A g } 


C*(/ + l) (2) , Z>(^4-l,/«) (2, 


fc > z 


Ag = {soVo, 2s5 ± <5g ± S h , 2sS ± ± Ej,2s5 zb 2£i, s5 ± S g } 

Ai = {2s5 zb 8 g zb £i, S(5 zb Ei} 


G(3) (2) 




Ag = {2s5 S7 , , 2s<5 ± 2£i, 2s5 ± 2£ 2 , 2s<5 ± 2e 3 , (2s + 1) 8 ± (3e 2 + £i) , 
(2s + 1)8 ± (3e 2 - e x ) ,(2a + l)5± {e 1 + e 2 ) ,(2s + l)6± [e 2 - e x )} 

Ai = {2S<5 ± £i zb £2=b£ 3 , (2s + l)A4z2£ 2 zb£ 3 , (2s + 1) 5 zb £3} 



Table 2. Root system types 



The algebra 


Finite Part 


A' 


A" 


,4(2fc,2Z - 1) (2) , k > I 


B{k,l) 


A W 

A 2k 


^27-1 


A{2l,2k-1) (2) , k>l + l 


B{l,k) 


A 2k-1 


A 2l 


A(2/c-l,2Z-l) (2) , k>l. 


D{k,l) 


A 2k-1 


A*) 
A 2l-\ 


A {21- 1,2k- 1) (2) , k >l. 


D{l,k) 


A2) 
A 2k-1 


A2) 
A 2l-1 


A{2k,2l) w , k>l + l 


B{k,l) 




A {2) 

A 2l 


A{2l,2k) [A \ k > I 


B{l,k) 


A 2k 


A 2l 


D{k + l,l) (2) , k > I 


B{k,l) 


<1 


cr 


D{l + l,k) (2) , k>l + l 


B{l,k) 






G(3) (2) 


D{1,2,-1) 
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Table 3. Choices of simple roots 



The algebra 




Choice of simple roots 


A (2k, 21 - 1) (2) 


k>l + l 


£l 

SiH 


— ui . Oi — So Si — ui , ui — £j i i , 

-1 — £/+2, • • • , Sk-1 — (5 — 2Si 


A(2k,2k - 1) (2) 




Si 


— pi Si- — Si-. Sk-. o — Si — 01 


A (21,21 + 1) (2) 




El 


— 5i, . . . , £; — (5;, 5; — £;+i, Ej+i, 5 — <5i — ei 


A(2l,2k - 1) (2) 


k>l + 2 


Fi 
' 1 


f 1 Ai Ai po Ci i i At ffi pi 1 o 

o — P/ j_q Pi. i — £t-.Si-.0 — £"i — So 


A(2k -1,21- 1) (2) 


k > I + 2 


Si 

■ :r / i 
1 — t i 


— <5i, Si — £2, ■ ■ ■ , — $-1, 6l — 

i — Si 4-0 i — Si- . Si- i ~~ r~ P t' . — ZfTi 

-_L ^ t -|— Z ; ■ ■ ■ ^ ft, ± ft, 5 ft, J- 1 ^ ft, } w _t 


A (21 + 1,21- 1) (2) 




Si 


— Si, Si — ea, . . . , e;_i — <5;_i, <5; — e/+i, 5; + £(+i, 5 — 2ei 


A(2k -1,2k- 1) (2) 




Pi 


— m m — Pi p j„ — (1l p t„ —1— A ? A — f -> — A i 


A (21 - 1, 21 + 1) (2) 




£"1 


— Po Po — Ai Ai — Pq P/ i i — A; Pj i i -1- Aj A — Pi — Po 


A (21 -1,2k — 1) (2) 


k > I + 2 


Si 


— £2, £2 — <5l, 5l — £3, • ■ • , El + 1 — Si, Si — El+2, 

O Pf 1 Q Pt. 1 Pi. /PL A — - Pi - — PO 


A (2k, 21) {A) 


k > I + 1 


El 


— m Oi — P> i — A~i A; — fi 

— £; + l,...£fc-l — £fc,£fc,lS — £l 


A(2k,2k) ii] 




£l 


- - £2, • . • ,£fe — S k , S k ,5 - £i 


A(2l,2k) w 


k>l + l 


£l 
£l 


— Si, Si — £2, . . . , El — Si, Si — £l + l, 

— £l+l, ■ ■ ■ Ek-1 — £k, £k, 8 — El 


C(l + 1) {2) , D(k + l,l) (2) 


k>l + l 


Si 

£H 


— Si, 5l — £2, ■ ■ ■ ,£l — Si, Si — El + l, 
-1 — £l+2, ■ ■ ■ , £k-i — £k,£k,S — £l 


D(k + l,k) (2> 




£l 


— Sl,8l - £2, • • • ,£ k — S k , S k ,8 - £i 


C(l + 1) {2> , D(l + l,k) (2> 


k>l + l 


£l 
e H 


— Si,Si — £2, . . . , £l — Si, Si — £l + l, 
-1 — £l+2, ■ ■ ■ , £k-i — £k,£k,S — £l 


G(3) (2> 




£3 


- £ 2 - si,2ei, 2e 2 , 5 - (e 3 + 2e 2 ) 
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